Abstract. Here we give an upper bound for the number of irreducible components of the moduli scheme of stable rank r torsion-free sheaves of fixed degree on the integral curve X. This bound depends only on r, Sing(X), pa(X) and the corresponding number for the rank 1 case.
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Abstract. Here we give an upper bound for the number of irreducible components of the moduli scheme of stable rank r torsion-free sheaves of fixed degree on the integral curve X. This bound depends only on r, Sing(X), pa(X) and the corresponding number for the rank 1 case.
Let X be an integral complete curve of arithmetic genus p a and geometric genus g. For all integers r, d with r ≥ 1 let M (X, r, d) (or just M(r, d) ) be the moduli scheme of stable rank r torsion-free sheaves on X with degree d. For general background on stable vector bundles and sheaves on curves and their moduli schemes, see [N] or [S] . The number of irreducible components of M (r, d) does not depend on d, but only on X and r (see Theorem 1.2). Let n(r, X) (or just n(r)) be the number of irreducible components of M (r, d). Here we want to give upper bounds on n(r) depending only on the singularities of X, the integer r and n(1). This is given by Theorem 0.1 (see the discussion in the last part of Remark 1.4). To state Theorem 0.1 (our main result) we need to introduce a few concepts (e.g. measures for the singularities of X) and fix some notation.
Let π : C → X be the normalization (hence g = p a (C)). Set δ := p a − g. Set O := O X . For any x ∈ Sing(X), set O x := O X,x and let m x be the maximal ideal of
) and f := max{f x } x∈Sing(X) . For example, we have f x = 1 if and only if O x is Gorenstein (see e.g. [Co] , Lemma 2.1.4). Let e x be the multiplicity of X at x; set e := max(e x ) and e := x e x . Let F be a rank r torsion-free sheaf on X; the set of all formal isomorphism classes of the germs {F x } x∈Sing(X) will be called the formal isomorphism class of F . The set W of all possible isomorphism classes for rank r torsion-free sheaves around Sing(X) has in a natural way a scheme structure; for any reduced subscheme Ω of W , let M(r, d , Ω) be the reduced subscheme of M (r, d) red parametrizing sheaves with formal isomorphism type in Ω. Let n(r, Ω) (or n(r, d , Ω)) be the number of irreducible components of M (r, d, Ω). By Theorem 1.2 this integer does not depend on d. Our main interest is when Ω is an irreducible component of W red .
Here is our main result. n(r, Γ) ≤ (r − 1)(e (e − 1) + (r + 1)(2p a − 2 + e))n(1) + r + rδf.
The main steps in the proof of Theorem 0.1 are the proof of Theorem 1.2 and of the Construction 1.3. In our opinion the statement of Theorem 1.2 has independent interest.
The proofs
Here we prove Theorem 0.1, Theorem 1.2 and a related Remark. We recall the following constructions. Fix an integer r > 1, an integral projective curve X, P ∈ X reg , Q ∈ X reg and a torsion-free sheaf M on X with rank(M ) = r. Let k P be the skyscraper length 1 sheaf on X supported by P . Fix any surjection t : M → k P and any surjection j :
⊕(r−1) . Since P and Q are smooth points of X, they are Cartier divisors on X and M is locally free at P and Q. Hence (see e.g. [M] ), Ker(t) and Ker(j) are locally free on X reg and have the same singularity type of M at each point of Sing(X). We will say that the sheaf Ker(t) is obtained from M by an elementary transformation supported by P and that Ker(j) is obtained from M by an elementary antitransformation supported by Q. Note that rank(Ker(t)) = rank(Ker(j)) = r, deg(Ker(t)) = deg ( Proof. Choose P ∈ X reg . For every E ∈ M (X, r, y), the sheaf
and has the same isomorphism type as E. The induced bijection can be done even if E moves in a flat family. Hence if r divides d − y, the schemes M (X, r, d) and M(X, r, y) (resp. M (r, d , Ω) and M (r, y, Ω)) are isomorphic, being coarse moduli spaces of equivalent functors. Proof. By Lemma 1.1 we reduce easily to the case r > 1, d = y + 1. Choose P ∈ X reg . Consider the contravariant functor Λ which to a scheme S associates a rank r sheaf Φ on S × X flat over S plus an isomorphism of Φ|S × {P } with the trivial rank r sheaf. Add to this functor the stability condition and that the relative degree over S is d (resp. y). Fix F ∈ M (X, r, d) and consider an elementary transformation F of F supported by P . F has rank r and degree y. We want to check that in this way we get a bijection of the set of irreducible components of the schemes M (X, r, d) red and M (X, r, y) red . Fix an irreducible component T of M (X, r, d) red and a general sheaf F ∈ T . We want to check that, in general, the corresponding F is stable. Since F is stable and deg(F ) = deg(F) − 1, every proper subsheaf B of F with rχ B ≥ rank(B)χ F (if any) is saturated in F and in particular it is saturated in F . Assume that this is not the case and let u be the minimal integer with 0 < u < r and such that there is a rank u saturated subsheaf A of F with rχ A ≥ rank(A)χ F . Consider the set Σ of all rank u subsheaves of F with χ A as Hilbert polynomial. By the minimality of u every A ∈ Σ is stable. Take A , A ∈ Σ and look at the image A + A of A ⊕ A for the natural map m : We obtain a maximal integer k ≥ 1 such that there are
. . , A t are not isomorphic as abstract sheaves, either B = A i (as subsheaves of F ) for some i ≤ t or A 1 + · · · + A t + B = A 1 + · · · + A t . Hence Σ has only finitely many, say s, isomorphic classes of sheaves. Furthermore, up to reordering {1, . . . , k}, we have G = B 1 + · · · + B s with B j ∼ = r j A j , r 1 + · · · + r s = ku, and every A ∈ Σ is contained in some B j . Consider an elementary antitransformation of F with respect to a general Q ∈ X reg . Since F is stable and "stability" is an open condition, we see that a general such H is stable and (since X and GL(r) are integral) H ∈ T . Note that F ⊂ H. Hence we see that the only rank u sheaves with the same Hilbert polynomial of A 1 and contained in a general such H are the ones contained in F . Take H instead of F and another general point P to make the elementary transformation. Let H ⊂ H with length(H/H ) = 1 be the kernel of this elementary transformation. A subsheaf U of H is a subsheaf of H if and only if the fiber U |{P } of U over P is contained in the hyperplane of the fiber H|{P } which is the kernel over P of the elementary transformation. Thus we see that for general F ∈ T we have s = 1, r = ku (hence k > 1) and F ∼ = kA 1 . However, since k > 1, twisting one of the factors of kA 1 by a general element of Pic(X) we obtain easily nearby sheaves for which the condition "F ∼ = kA 1 for some stable rank u A 1 " is not satisfied, a contradiction.
Note that the set of elementary transformations of a fixed rank r torsion-free sheaf supported by a fixed point of X is parametrized by an open subset of K r and in particular it is irreducible. The same assertion is true for the set of elementary antitransformations. Since X is integral, T × X × K r is integral. We have checked the existence of an open subset L of T × X × K r , L = ∅, and a morphism u : L → M (X, r, y). Since L is integral, u(L) is contained in an irreducible component, call it u{T }, of M(X, r, y) red . Now we reverse the construction.
We start with an irreducible component J of M (X, r, y) red and for every G ∈ J we consider the torsion-free sheaves obtained from G making an elementary antitransformation supported by some P ∈ X reg . We want to check that for fixed P ∈ X reg , a general G ∈ J and a general elementary antitransformation of G supported by P , the corresponding sheaf G is stable. Assume that this is not the case. Let u be the minimal integer with 0 < u < r and such that there is a rank u subsheaf A of G with rχ A ≥ uχ G . The minimality of u implies that A is stable. Since G is a stable subsheaf of G with deg(G) = deg(G ) − 1 we have A ∩ G = A and A ∩ G is saturated in G. Since P ∈ X reg this implies that A is saturated in G. Now we may copy the proof given for the general elementary transformation of the general sheaf of the component T of M (X, r, d) red and obtain a contradiction, i.e. the stability of G . In this way we found an open subset
Since the inverse of an elementary transformation is an elementary antitransformation we have u{v{J}} = J and v{u{T }} = T for all J, T . In this way we obtain a bijection between the irreducible components of M (X, r, d) red and of M (X, r, y) red . Since we apply elementary transformation and elementary antitransformations outside Sing(X), everything works verbatim if we fix a set Ω of formal isomorphism types. Construction 1.3. Fix a formal isomorphism type τ = {F x } x∈Sing(X) for rank r torsion-free sheaves around Sing(X). The existence of a rank r torsion-free sheaf F on X with τ as formal (or analytic) isomorphism type around Sing(X) is well known. Here we will show that any such F is a flat limit of stable rank r torsionfree sheaves with τ as formal isomorphism type around Sing(X). Fix any rank r torsion-free sheaf F with τ as formal isomorphism type. If F is stable, we are done. If F is not stable let u be the minimal integer with 0 < u < r such that there is a rank u saturated subsheaf A of F with rχ A ≥ uχ F . By the minimality of u we see that A is stable. Let Σ be the set of all subsheaves of F with χ A as Hilbert polynomial. Every B ∈ Σ is saturated in F . By the minimality of u we see that every B ∈ Σ is stable. As in the proof of Theorem 1.2 we see the existence of k ≥ 1 and A 1 , . . . , A k ∈ Σ such that G := A 1 + · · · + A k ∼ = A 1 ⊕ · · · ⊕ A k and that every B ∈ Σ is contained in G. Now apply elementary transformations and elementary antitransformations around general points of X reg . If F = G, we see in this way (as in the proof of Theorem 1.2) F as a flat limit of rank r torsion-free sheaves with τ as formal isomorphism type, but with no rank u subsheaf with χ A as Hilbert polynomial. Then we iterate the trick. Since χ F has only finitely many coefficients, after finitely many iterations we must obtain a stable sheaf, Φ. The proof gives indeed a flat family of such Φ and F as one of its limits.
Proof of Theorem 0.1. Twisting by a line bundle, we may assume r(2p a − 2) + re < d ≤ r(2p a − 2) + re + r, hence h 1 (F ) = 0 and F is spanned by [Co] , Lemma 3.5.6 (or see [N] , Lemma 5.2 , for a somewhat higher bound). Hence we have an exact sequence
with rank(G) = 1. By [Co] , Prop. 2.2.1, for every x ∈ Sing(X), the germ F x is isomorphic to a germ, A x , with rO X,x ⊆ A x ⊆ r(π * O C,x ). Hence for a general choice of the r − 1 sections we may assume length(Tor(G)) ≤ rδ. Set G := Hom(Hom(G, ω X ), ω X ) and J := Tor(G). We have G = G/J by the duality for torsion-free sheaves. Note that moving G and taking all possible extensions we find all possible F and when G moves in an integral variety with constant dim K (Ext 1 (G, O) ), then we get an integral family of rank r torsion-free sheaves by [BPS] . (J, O) ). Since J is supported on Sing(X) and has a filtration with as graded pieces sheaves of length 1 and h 0 (X, J) ≤ rδ, we have dim K (Ext 1 (J, O) ) ≤ rδf . By the vanishing of H 1 (F ) and the local to global spectral sequence of the Ext-
. By [Co] , Lemma 2.2.4, G x is generated by e x O. Hence we have an exact sequence
with R locally free of rank e. Applying Hom(-, O) to the exact sequence (2) and splitting the exact sequence obtained into short exact sequences we obtain:
with A and H torsion-free of rank e − 1. By [Co] , Lemma 2.2.4, at each singular point x we have dim K (H/m x H) ≤ e x (e − 1). Hence we have h 0 (Ext 1 (G, O)) ≤ ( x e x )(e − 1) = e (e − 1). Hence the result.
The bound given by Theorem 0.1 is far from being sharp. We do not know any general method to construct irreducible components of
Hence we have no reasonable guess for the number of components of these moduli spaces.
Remark 1.4. Look at the proof of Theorem 0.1. In that proof we were obliged to fix Γ just to control the torsion part J of the sheaf G in eq. (1), its deformations and all its extensions with G to get some sheaf, while the part concerning G alone was (by definition) controlled by n(1). Hence, to get an upper bound for n(r) instead of a bound on the number of irreducible components of the scheme of formal isomorphism types, it is sufficient to control the number of the irreducible components of the scheme of all possible J. Note that there is the a priori bound h 0 (X, J) ≤ rδ. For any fixed x ∈ Sing(X) and every integer t ≤ rδ the set of all possible O X -module structures on the vector space K t is a scheme W given by degree 2 nonhomogeneous equations (i.e. for every a ∈ O X the multiplication map µ a : K t → K t , µ a (m) := am satisfying the condition "a(bm) = (ab)m for all a, b ∈ O x ") in the affine space K t . By an elementary lemma attributed to A. Andreotti W red has at most 2 t irreducible components. Hence in this way we obtain only an exponential bound if we do not fix Γ. However (and this is the main point), although of exponential type, this upper bound does not depend on the category of torsion-free modules over the rings {O x } x∈Sing(X) . Hence Theorem 0.1 gives an answer to the question of bounding n(r) only in terms of geometric properties of Sing(X) and the integer n(1) (i.e. the rank 1 case).
